We consider the system
Introduction
Researchers have found that microglia cells contribute meaningfully to the formation of amyloid plaques which yields eventually neuronal cell death in patients suffering from Alzheimer's disease. These microglia cells release neurotoxins that chemotactically attract more microglia to amyloid lesions. On the other hand it has been also found that microglia participates in the clearance of amyloid helping to reduce local concentrations (e.g. [1] ). In order to describe the chemotactic response of microglia cells a mathematical model describing this phenomenon has been proposed (see [2, 3] ). This model has turned out to be a generalization of the classical Keller-Segel model but including more variables, and therefore more equations, making its study challenging. In this note we are interested in the next system describing the competition between attractive and repulsive signals
along with next boundary conditions and initial data
where u denotes the cell density of microglia, v represents the concentration of an attractive cue, and w is the concentration of a repulsive signal. All the parameters χ , ξ , α, β, γ , δ represent positive constants and τ = 0 or 1. We assume that Ω ⊂ R 2 is a smooth bounded domain. We are interested in describing what are the conditions on the parameters that determine if there is cell aggregation or not. Mathematically this problem is translated into a question of global existence versus blowup. Some results of global existence and blow-up have already been found for system (1); see for instance [3, 4] . However, most of the results known until now (see [4] ) are given for the special case β = δ. 
with K a standing for the regular part of G a . On the other hand, we observe from (1) that
and therefore
Thus, by symmetry we obtain
Let us define
Using (3) together with the decomposition of the Green function (2) we deduce
Therefore we have
where C is a constant depending on u(x, 0), β and δ.
Inequality (4) gives us the essential tool to connect the theory of the classical parabolic-elliptic systems for the Keller-Segel model to our system (1). For instance taking αχ − ξ γ > 0 and 
we obtain from (4) along with the Logarithmic Hardy-Littlewood-Sobolev inequality (e.g. [5, 6] 
where C is a constant independent of t ∈ (0, T ). Thus similarly to the single component case we get the next result by standard techniques (e.g. [7] ), which complements the results for the case β = δ and αχ − ξ γ ≤ 0 (for details see [5, 3, 4] ). We complement this last result by showing that in the radial case, condition β = δ is not necessary. can be estimated through a quadratic polynomial p depending only on r, i.e.,
Theorem 1 (Global Existence
With this end in mind we adapt some ideas from [8] and we begin by defining
Next we deduce from the second equation in (1) that for each t > 0 
Φ(r, t) ≤ ω(r).
Taking into account that w(r) ≤ αθ 2e 1/R R r we conclude,
Now we apply the moment technique to prove our blow up result. From the first equation in (1) we obtain
In radial coordinates the equation for chemical concentration v is
Multiplying by r and integrating over (0, r) we obtain
Let us denote the cumulative mass by M := 
udx. Thus we have from (6) and (8) 
On the other hand,
From (9) and using the identity x · ∇v = r ∂v ∂r we get
Let us define m(t) :=  D u |x| 2 dx. We denote µ = urdr, then  dµ = θ. Next we observe that Cauchy's inequality gives us
Hence we obtain from (11) and (12)
From (7) together with (10) and (13) we get
We assume now that m(0) satisfies
Therefore we deduce from the last inequality and (5) that m(t) is strictly decreasing with respect to t. In consequence we have
It follows that there exists T 0 ∈ (0, ∞) such that
Hence, T max must be finite and T max ≤ T 0 .
3. Parabolic-parabolic system: case τ > 0
In this section we will consider system (1) for the case τ ̸ = 0. 
Using this estimation together with the maximal regularity property for the parabolic equation it follows that
